Abstract. Two examples of topological embeddings of S 2 in S 4 are constructed. The first has the unusual property that the fundamental group of the complement is isomorphic to the integers while the second homotopy group of the complement is nontrivial. The second example is a non-locally flat embedding whose complement exhibits this property locally.
When we drop the local flatness hypothesis, there is also a local version of the question considered in this paper. Before we can state it precisely it is necessary to make some definitions.
Definitions. Suppose N is an (n − 2)-manifold topologically embedded in the interior of the n-manifold M and x ∈ N . We say that N is locally 1-alg at x if for every neighborhood U of x in M there exists a neighborhood V of x in U such that any loop in V − N which is null-homologous in V − N is also null-homotopic in U − N . (The "alg" stands for "abelian local groups." A duality argument shows that the image of π 1 (V − N ) in π 1 (U − N ) is isomorphic to Z. Other authors, e.g. [6] , use the terminology "M − N has good local π 1 at x" to mean the same thing.) We say that N is locally homotopically unknotted at x if N is locally 1-alg at x and if, in addition, for every neighborhood U of x in M there exists a neighborhood V of x in U such that the image of π i (V − N ) in π i (U − N ) is trivial for every i ≥ 2.
We can now state the second question considered in this paper: If N is an (n − 2)-manifold topologically embedded in the interior of the n-manifold M and and N is locally 1-alg at x ∈ N , then is N locally homotopically unknotted at x? Again the answer to this question is "yes" in case n = 3 [1] and "no" in high dimensions. In order to construct an example for n ≥ 6 we proceed as follows. Let Σ n−3 ⊂ S n−1 be a locally flat PL (n − 3)-sphere such that π 1 (S n−1 − Σ n−3 ) ∼ = Z but π 2 (S n−1 − Σ n−3 ) = 0. Take Σ to be the suspension of Σ in S n . Then Σ is a PL (n − 2)-sphere in S n which is locally 1-alg at every point but is not locally homotopically unknotted at either suspension point. In §2, below, we also construct an example of a 3-sphere in S 5 which is locally 1-alg but not locally homotopically unknotted; however the example is topological and, in fact, we prove that no such 5-dimensional example can be piecewise linear (as the high dimensional example above is). Our second result shows that the answer to the question is also "no" in dimension 4. This example is surprising and is the main result of this paper. It had generally been believed that the kind of argument used to show that a locally flat 2-sphere in S 4 which has π 1 of the complement equal to Z is aspherical could be localized to show that locally 1-alg implies locally homotopically unknotted in dimension 4. This is stated explicitly in Lemma 9.3B of [6] , for example, and is also implicit in [5, Theorem 10] . Our construction in §1 actually contains a counterexample to the proof of [6, Lemma 9 .3B]-see Remark 2, below.
The question of whether locally 1-alg implies locally homotopically unknotted is an important question because the proof in [6, §9.3] shows that a surface which is locally homotopically unknotted at every point is locally flat. Thus the real question is whether or not local flatness can be characterized in terms of the local π 1 condition or if it is necessary to assume, in addition, that the higher local homotopy groups vanish in order to conclude that the surface is locally flat.
In §3 of this paper we consider the problem of giving necessary and sufficient conditions for the complement of a topological 2-knot in S 4 to be aspherical. Our main result in that section (Theorem 3.1) gives such conditions; it shows that the only way in which a 2-knot complement in S 4 with fundamental group Z can fail to be aspherical is if π 2 of the complement is nontrivial and that this will only happen if the structure of π 2 as a module over Z[π 1 ] is quite complicated. Then the following are equivalent: Corollaries 3.4 and 3.5 were first proved in [11] . It should be noted that π 1 ( ) ∼ = Z is not a necessary condition: Guilbault [7] has given an example of a 2-sphere Σ ⊂ S 4 such that S 4 − Σ has the homotopy type of S 1 even though Σ is not globally 1-alg. Corollary
3.3 appears in [17] . Example 2.1 raises the question of whether or not a surface in a 4-manifold that is locally 1-alg at every point will be locally homotopically unknotted. The example does not answer that question because it contains an infinite sequence of points converging to x at which the embedding fails to be locally 1-alg. As was mentioned above, the question is important because a positive answer would have a taming theorem as a corollary. (The proofs in [6, §9.3] show that an embedding of a surface into a 4-manifold which is locally homotopically unknotted at every point will be locally flat.) We do not answer the question in general, but do give positive answers in several special cases, the most important being the case in which the submanifold is a 2-sphere. 
We begin by fixing some notation. Let T denote an unknotted solid torus in R 
Notice that W 2 collapses to a copy of Define
The regular neighborhood should be chosen so that Figure 2 ) and so the inclusion induced map
However, we will see that the fact that the band goes around the S 1 -factor of W n+1 makes π 2 (W ) nontrivial. In order to describe π 2 (W ) more explicitly, we fix some notation. We use J to denote π 1 (W ); so J ∼ = Z and we write a typical element of J as t n , where t is a generator of J and n ∈ Z. Let Λ denote the group ring Z[J]. Then Λ consists of all Laurent polynomials in t with integer coefficients.
The important thing to notice is that it is possible to choose a Λ-generator for π 2 (W n ) in such a way that the inclusion map W n → W n+1 induces multiplication by t − 1; i.e., the
It is easiest to see this by looking at the universal covers W n ⊂ W n+1 .
It is now clear that π 2 (W ) = 0. In particular, the generator of
. Thus the generator of π 2 (W 1 ) does not die in π 2 (W n ) for any n and therefore does not die in π 2 (W ). We now turn our attention to the complements. Define
The first thing to notice is that, since W n is a regular neighborhood of
of Q n links the S 1 -factor of W n and the the S 2 -factor of Q n links the S 1 -factor of W n .
The S 1 -factor of Q 2 can be pictured as a loop A 2 in the level R In general, Q n is a regular neighborhood of A n ∪ S(B n ), where A n ∪ B n is a figure-8 in a level, S denotes suspension, and all the B n 's are the same. We wish to understand the embedding of Q n+1 in Q n . We concentrate on Q 2 ⊂ Q 1 . In Figure 4 we show A 1 , A 2 and
Now A 1 is the spine of the complement of C . Thus, to understand the embedding of Q 2 in Q 1 , we must redraw the picture so that C and A 1 are straightened out. This is shown in Figure 5 . We are now in a position to give a geometric description of X = S 4 − W . We see
The embedding of A n+1 ∪ B n+1 in a neighborhood of A n ∪ B n is indicated in Figure 6 .
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We now re-embed the Q n 's so that they are closer and closer regular neighborhoods of the spines A n ∨ S(B n ). After that adjustment, X consists of a locally flat 2-sphere, S(B 1 ), together with a 1-dimensional continuum which we call Wh; i.e., X = S(B 1 ) ∪ Wh and S(B 1 ) ∩ Wh consists of a single point. Since A n+1 is null-homotopic in a regular neighborhood of A n , Wh is cell-like. In fact, Wh is cellular in S 4 since it is the intersection of a sequence of neighborhoods with 1-dimensional spines. We can therefore shrink Wh to a point and the resulting manifold is still homeomorphic to S 4 . We define Σ 1 to be the image of X in the decomposition space
clear that Σ 1 has the properties required of Example 1.1.
Remark 1.
It should be noted that Σ 1 is locally flat except at the image of Wh; at that point Σ 1 cannot be locally flat. In fact, Σ 1 cannot even be locally 1-alg at the exceptional point. This is because Hollingsworth and Rushing [9] have shown that any 2-sphere which is locally 1-alg at every point is globally 1-alg. Thus Corollary 3.5 would be contradicted if Σ 1 were locally 1-alg at the exceptional point.
Remark 2. Our construction contains a counterexample to the proof of [6, Lemma 9.3B]. The manifolds {W n } above satisfy conditions (1)- (3) on p. 142 of [5] as well as (i )-(iv ) on p. 143, but it is not the case that the inclusion induced map π 2 (W n ) → π 2 (W n+k ) is trivial for any k ≥ 1. The error in [6] is the assertion (on p. 146) that "condition (iv ) is equivalent to . . . I(image) = image." In general it will only be the case that, in the terminology of [6] , image ⊂ I(whole group). This is analyzed more carefully in the proof of Theorem 3.1, below.
Remark 3.
There exists a high dimensional version of our example. Let X = S n−3 (B 1 ) ∪ Wh ⊂ S n , where B 1 and Wh are the subsets of S 3 described above and S n−3 (B 1 ) denotes
is nontrivial. This contrasts sharply with Levine's Theorem [10] which asserts the following: 
The second example
In this section we construct Example 2.1. The method of constructing the local example from the global one is the same as that described by Daverman on p. 372 of [3] .
Let D be a 4-cell in S 4 such that D intersects Σ 1 in a locally flat disk missing the exceptional point of Σ 1 and let Proof. Let x ∈ M 3 and let σ be the simplex of
The fact that M 3 is locally 1-alg at x implies that π 1 (lk σ−M
it is obvious that (lk σ, lk σ ∩ M 3 ) is an unknotted sphere pair. In case dim σ = 1, this follows from the Loop Theorem [14] and in case dim σ = 0, (lk σ, lk σ∩M 3 ) is a topologically unknotted (4,2)-sphere pair by [5, Theorem 6].
Aspherical 2-sphere complements
We next turn our attention to the problem of proving a positive theorem regarding aspherical 2- U n = Σ. Since Σ is an ANR, there is a retraction r n : U n → Σ for large n. We may assume that U n is chosen in such a way that r n is homotopic to the inclusion in U n−1 . Since Σ is 2-dimensional, Σ does not separate any neighborhood and so we may also assume that ∂U n is connected for each n. (If not, connect up the boundary components with arcs lying in U n − Σ and remove regular neighborhoods of the arcs.) Define W n = S 4 − U n . It follows from Alexander duality that Proof. Fix n. Let γ :
the inclusion induced homomorphisms. We will show that η|im γ :
is an isomorphism. We begin by showing that im γ is cyclic. Consider the commutative diagram
Since the inclusion U n+1 → U n factors, up to homotopy, through a retraction onto Σ, we have that δ = 0. Therefore β • γ = 0 and so im γ
by Alexander duality, so im γ is cyclic.
Now consider the commutative diagram
Since U n+1 is connected, it follows that H 1 (S 4 , U n+1 ) = 0. Therefore ζ is onto and hence η • γ is onto. This implies that
is an isomorphism since the only onto homomorphisms from a cyclic group to Z are isomorphisms.
In order to see that each p −1 (U n − Σ) is connected, it is enough to note that the
Since ∂U n is connected, the only other ingredient we need is a representative of the generator t of H 1 (W ) in ∂U n . We have already seen that there is a representative of t in U n − Σ and the choice of W n shows that there is a representative of t in W n . Hence, a Mayer-Vietoris sequence argument shows that there is a class in H 1 (∂U n ) which is homologous in W to t. For each n, we can find a compact connected polyhedron
Since V n,k is connected for every n and k, W has one end.
As in §1, we use J to denote π 1 (W ) ∼ = Z, Λ to denote the integral group ring Z[J], and t to denote a generator of J.
Here we are thinking of Λ-coefficients as local coefficients in the sense of Steenrod [15] . In case A is a compact n-dimensional submanifold of W , there is a Poincaré duality theorem for H * (A; Λ). It asserts that H k (A; Λ) ∼ = H n−k (A, ∂A; Λ). In order to avoid confusion it should be remembered that
Lemma 3.7. For each n, H 3 (W n ; Λ) = 0, H 3 (W n ; Λ) = 0, and H 2 (W n ; Λ) is a submodule of a finitely generated free Λ-module.
Remark. Since H * ( W ) is the direct limit of the images of the groups H * (W n ; Λ), we can conclude from the Lemma that every complement W of the sort studied in this section will possess many of the same algebraic properties that the complement of Example 1.1 had. In particular, H i ( W ) = 0 for i ≥ 3 and H 2 ( W ) is the direct limit of a sequence of modules, each of which is a submodule of a finitely generated free module. In Theorem 3.1 we show that the only way in which H 2 ( W ) itself can be a submodule of a free module is if it is trivial.
Proof of Lemma 3.7 . First observe that the pair (W, U n − Σ) is 1-connected. By Poincaré duality and excision we have
Since W n collapses to a compact 3-dimensional polyhedron, the chain complex for H * (W n ; Λ) can have the form
Because H 3 (W n ; Λ) = 0, ∂ 3 is injective and im ∂ 3 is a finitely generated free Λ-module. We can think of [∂ 3 ] as an element of H 3 (W n ; im ∂ 3 ). Moreover H 3 (W n ; im ∂ 3 ) = 0 since im ∂ 3 is a finitely generated free Λ-module and H 3 (W n ; Λ) = 0. So there exists θ ∈
Proof of Theorem 3.1. It is obvious that condition (1) implies each of the others and that condition (2) implies each of (3) and (4). It follows from Lemma 3.7 along with the Whitehead and Hurewicz theorems that (2) implies (1). We will show that (3) implies (2) and that (4) implies (2). Suppose, first, that H 2 ( W ) is a submodule of a free Λ-module. The short exact sequence
of chain complexes gives rise to the exact sequence
This means that each element of H 2 ( W ) is infinitely divisible by (t − 1), but the only element of a free module with that property is 0. Thus H 2 ( W ) cannot be a submodule of a free module unless it is trivial. Second, suppose that H 2 ( W ) is finitely generated over Λ. We fix a finite set of generators and choose W 1 in such a way that p −1 (W 1 ) contains representatives of this set of generators for H 2 (W ; Λ). Each H 2 (W n ; Λ) is finitely generated, so we can choose W n+1 large enough that each element of H 2 (W n ; Λ) is homologous in W n+1 to some combination of the fixed set of generators. This will mean that the image of H 2 (W n ; Λ) in H 2 (W n+1 ; Λ) will be equal to the image of H 2 (W 1 ; Λ) in H 2 (W n+1 ; Λ). In this way we arrange that, for each n, the image of
As in the previous paragraph, the rows in the following diagram are exact.
Therefore every element of im (α n+1 • α n ) is infinitely divisible by (t − 1). By Lemma 3.7, 
Surfaces which are locally 1-alg at every point
In this final section of the paper we consider the question of whether or not a topologically embedded surface in a 4-manifold which is locally 1-alg at every one of its points is locally homotopically unknotted (and therefore locally flat). We are not able to answer that question in general, but do prove a positive result in the important special case in which the surface is a 2-sphere. In this section we will make use of the following technical lemma from homological algebra. 
Take Hom Λ ( · , Λ) of the diagram above. Then the proof is completed by a straightforward argument using the definitions of homology and cohomology.
To begin the proof of Theorem 4.1, we assume that Σ is a 2-sphere topologically embedded in the interior of the 4-manifold M 4 in such a way that the self intersection number is 0. Our next two lemmas do not require the hypothesis that Σ be locally 1-alg at every point, but only the weaker hypothesis that Σ is globally 1-alg. Thus that is all we will assume for the moment. (It is shown in [9] that if Σ is locally 1-alg at every point, then Σ is globally 1-alg. Hence the global hypothesis is strictly weaker than the local one.) Since Σ is globally 1-alg and the self intersection number is 0, the main theorem of [12] implies that there is a collar C of the end of M − Σ. Specifically, there exists a compact neighborhood N of Σ and a homeomorphism φ : Proof. We first prove that C − P is connected. Notice that C − P = C a ∪ (C − B) and that it is obvious that C a is connected. Given two points y and z in C − B, there exists an arc A ⊂ C joining them. Put A in general position with respect to ∂B. Then A ∩ ∂B will consist of a finite number of points which divide A into a finite number of subarcs, each of which is entirely inside B or entirely outside B. We replace each subarc of A which lies inside B with an arc lying on ∂B. The new arc from y to z can be pushed into the complement of B. Since Σ is 2-dimensional, Σ does not separate any open set so we can adjust the arc slightly to miss Σ as well. Thus C − B is connected and so is C − P . Since π 1 (C − P ) → π 1 (C) is onto, we conclude that the pair (C, C − P ) is 1-connected. The Lemma can now be proved by the same argument as was used to prove Lemma 3.7.
Proof. Let x, B 1 , D, B 2 , and a be given. Choose V to be a connected PL manifold neighborhood of ∂D in Int ((
Let γ be a loop in p −1 (C − Int P 1 ) and let γ = p(γ). Put γ in general position with respect to ∂B 1 . Then γ ∩ ∂B 1 will consist of a finite number of points. These points can be paired off so that each pair either bounds a subarc of γ which lies outside B 1 or a subarc which lies in C b . Let y 1 , y 2 be a pair which bounds a subarc in C b . We claim that there is an arc from y 1 to y 2 which lies in C a − B 2 . If the subarc of γ which joins y 1 to y 2 lies outside B 2 , we can use it. Otherwise the subarc must pass through V and so we can replace the portion from the first point of intersection with V to the last point of intersection with V with an arc in V − Σ to obtain the arc we need to prove the claim. Use these arcs to write γ = γ 1 + γ 2 , where γ 1 ⊂ C − B 2 and γ 2 ⊂ C a . By adding a multiple of the generator of π 1 (C a ) to γ 1 and its inverse to γ 2 , we can arrange that both γ 1 and γ 2 are null-homotopic in C. This makes γ 2 null-homotopic in C a , so we have γ homotopic to γ 1 in C − Int P 2 . Now γ 1 is null-homotopic in C. Since ∂B 2 is simply connected, this null-homotopy can be cut off on ∂B 2 . In other words, there exists a continuous function F :
There exist a finite number of pairwise disjoint
. . , A n be a collection of oriented arcs in ∆ 2 such that A i is an arc from z 0 to ∂∆ i
n . Let β i be an arc in C b which joins the ends of α i . By adding a multiple of the generator of π 1 (C b ) to β i , we can arrange that the loop α i β is null-homotopic in C means that this homology can be lifted to C. So γ is homologous in p −1 (C − Int P 2 ) to a lift γ 3 of γ 3 . This completes the proof because γ 3 is contained in the simply connected space p
Proof of Theorem 4.1. Since Σ is locally 1-alg at each of its points, it is globally 1-alg [9] . Thus we may apply the two lemmas above. Fix x ∈ Σ. We wish to show that C is locally i-connected at x for every i ≥ 2. Let P 1 and P 2 be as in Lemma 4.7. Consider the diagram Since α is trivial and β is trivial (by Lemma 4.7), we have that the inclusion induced homomorphism H 2 (C, C − Int P 1 ; Λ) → H 2 (C, C − Int P 2 ; Λ) is trivial. Moreover, since the pairs (C, C − Int P 1 ) and (C, C − Int P 2 ) are 1-connected, it follows from Lemma 4.5 that the restriction homomorphism H 2 (C, C − Int P 2 ; Λ) → H 2 (C, C − Int P 1 ; Λ) is trivial.
Therefore its dual, the inclusion induced homomorphism H 2 (P 2 ; Λ) → H 2 (P 1 ; Λ), is trivial as well. Now let P 1 ⊃ P 2 ⊃ P 3 ⊃ . . . be a sequence of submanifolds of C, constructed as in 
